We provide a theory for quantum-optical realizations of the open Dicke model with internal, atomic spin states subject to uncorrelated, single-site spontaneous emission with rate γ. This introduces a second decay channel for excitations to irreversibly dissipate into the environment, in addition to the photon loss with rate κ. We compute the mean-field non-equilibrium steady states for spin and photon observables in the long-time limit, t → ∞. Although γ does not conserve the total angular momentum of the spin array, we argue that our solution is exact in the thermodynamic limit, for the number of atoms N → ∞. In light of recent and upcoming experiments realizing superradiant phase transitions using internal atomic states with pinned atoms in optical lattices, our work lays the foundation for the pursuit of a new class of open quantum magnets coupled to quantum light.
I. INTRODUCTION
Significant research efforts in the science of quantum optics are directed towards "scaling up" the minimal building block of one atomic qubit and one single photon towards N qubits and M photon modes. One objective is that a controllable assembly of such systems in the quantum regime has all the ingredients of a quantum computer including channels for communication of information within quantum networks [1] . This development represents both, a tremendous opportunity and a challenge, to seriously study the many-body physics of extended quantum-optical systems, where arrays of qubits are coherently coupled to quantum light.
To that end, a promising recent experimental development is the realization of tunable lattice potentials within resonators hosting photons with optical wavelengths [2] [3] [4] . These set-ups allow controllable placement of large numbers of quantum emitters, in the form of ultracold atoms, into lattice sites, preserving their relative phases. The atom-cavity coupling now has "single-site resolution" by overlaying cavity mode functions with lattice potentials and the targeted loading process of atoms into given lattice sites.
Making the lattice potentials sufficiently deep, one can now access a regime in which the atomic motion is suppressed completely and the dynamics of internal, spin excitations play the lead role.
Although the analogy is dangerous and incomplete, let us mention that a corresponding situation in an electronic condensed matter material would be a Mott insulator, in which the charge degrees of freedom are localized, and the electronic spins interact via, typically short-ranged, exchange couplings J i j . As was recognized theoretically a few years back, the cavity set-up allows a much richer set of J m 's (variable range, complex-vs. real-valued) and unconventional magnetic phases to be realized [5] [6] [7] . However, the "drosophila" in this field is the Dicke model, an infinite-ranged, exactly solvable ferromagnet [8, 9] , which has recently also been realized experimentally using internal spin states [10, 11] .
A basic physical difference to the earlier realizations of the Dicke model using momentum states of a thermal or condensed Bose gas [12, 13] is the increased fragility of internal, spin states to dissipative processes such as atomic spontaneous emission. Indeed, the decay rate of collective momentum modes γ mom of an atomic gas is remarkably small (γ mom κ g) and limited mostly by thermal effects and collisions [14] [15] [16] [17] [18] . By contrast single-site atomic spontaneous emission with rate γ tends to deplete the system of excitations and driving each spin into the | ↓ state.
There is no analog of this dissipative process for momentum states and therefore its basic physical effects have not been explored much in this context. Moreover, the experiments by Baden et al. [11] were not entirely able to compare their data to a theory for the open Dicke model with spontaneous emission, clearly identifying a gap in the current literature.
The objective of this paper to reveal the interplay of single-site spontaneous emission with the collective interactions induced by the resonator. We extend previous works of the open Dicke model [10] , which were restricted to photon losses, to the full two loss channels (γ, κ) variant. By this, we want to lay the foundation for the study of interacting, open quantum magnets with atoms in optical lattices in many-body cavity QED [2] [3] [4] and other nano-photonic setups such as atoms trapped close to photonic crystals [19, 20] .
A. Key results and outline of paper
Our main result is the derivation of the exact formula of the critical coupling for the onset of superradiance in Sec. III A in the presence of atomic spontaneous emission. In Sec. III B, we then use this result to resolve an observed discrepancy between experimental data for the critical pump strength and earlier calculations. The argument why this formula remains exact in the presence of single-site γ, is given in Sec. III B. In short, site-to-site variances between observables vanish in the thermodynamic limit, because the Hamiltonian affects only the homogeneous, zero-momentum component of the spins. It is true that γ also couples to finite-k components, in constrast to the κ-only Dicke model, but γ just leads to their decay.
Based on the Heisenberg-Langevin equations compiled in Sec. II E, we complete the program and also compute the values of non-equilibrium steady states, the cavity output spectrum, and the effective temperature of the photons in Sec. III C-III E.
II. (γ, κ) DICKE MODEL
In this section, we begin by explaining the model Dicke Hamiltonian and the Liouvillians for the two decay processes: photon loss and atomic spontaneous emission. Then, we connect this model to a recent quantum optics experiment, wherein the spin states in the Dicke Hamiltonian were realized via two atomic hyperfine-split levels. We finally present the Heisenberg-Langevin equations within the Markov approximation.
A. Hamiltonian and Liouvillians
The core of the set-up is an array of N atomic spins at fixed positions in space. These spins are subject to two types of dynamical processes. The first is coherent and reversible conversion into photonic excitations via an homogeneous atom-photon coupling g. This is in accordance with probability-preserving rules of unitary quantum mechanics and can be described by the Hamilto-
where there is also an (effective) photon energy ω 0 , a longitudinal field in z-direction for the spins ∆, and an additional frequency shift of the photons due to a coupling U to the collective z-component. This last coupling arises in the quantum-optical implementation we discuss below in Subsec. II D.
The second class of processes introduce decoherence and are irreversible decay processes of both, photonic (rate κ) and atomic excitations (rate γ) into the reservoir modes of the electromagnetic vacuum surrounding the cavity. Their effect can be captured by introducing the Lindblad operators, which act on the system density matrix ρ in the following way:
Here the atomic spontaneous emission acts on each atom on site independently. In quantum optics, the reservoirs have Markovian character; this is because the Hamiltonian Eq. (1) becomes time-independent only in a frame rotating with an optical (pump) frequency. In this frame, bath and system times scales are well separated by orders of magnitude.
The interplay and competition between unitary and irreversible dynamics can be studied with a Master equation for the density matriẋ
A key property of L γ is that, in general, it cannot be written in terms of a collective spin operator, as spin decay events are uncorrelated between sites. Its very basic physical effect is to deplete the system of atomic excitations, that is, incoherently drive each spin into the | ↓ state. As the Hamiltonian in Eq. (1) does not conserve the total number of excitations
the Hamiltonian will counteract the depletion processes of the Lindblad terms. This is in contrast to a Hamiltonian where the counter-rotating terms are dropped in a rotating-wave-approximation and for which there would be no other steady-state than the empty dark state.
B. Symmetries
Eq. (4) is invariant under a combined, discrete Z 2 symmetry transformation
which corresponds to a unitary transformation
This symmetry is spontaneously broken at the Dicke superradiance transition.
Additionally, the spin sector of the Hamiltonian in Eq. (1) is invariant under a combination of time reversal T = −iσ y K , t → −t (for a spin s = 1/2) and rotation in spin-space around the y-axis with angle θ = π denoted as D
1/2,
y,π = −iσ y , where K is the complex conjugation operator
In the absence of a loss channel in the spin sector, this means that the steady state must be invariant under this transformation as well, which enforces σ y = Gσ y G −1 = − σ y ! = 0. This symmetry is broken in the presence of Liouvillian L γ in the spin sector and therefore steady states with nonzero σ y 0 are accessible in the dynamics. In the photon sector, the corresponding symmetry is broken as well due to the presence of L κ , which leads to complex expectation values a ∈ C.
We mention here that the Hamiltonian dynamics together with the Lindblad contribution L κ conserves the pseudo-angular momentum S(t) 2 but this conservation is explicitly broken by L γ .
Using semi-classical steady states defined below, one finds
such that the steady-state value requires lim
to hold.
C. Exact solvability in long-time limit t → ∞ and thermodynamic limit N → ∞ It is known that the Dicke model in thermodynamic equilibrium is exactly solvable by a meanfield ansatz [8, 9] . Although the exact solutions get more complicated, this remains true for the non-equilibrium steady states of atomic quantum gases in optical cavities [15, 18] provided one takes first the thermodynamic limit, number of atoms N → ∞, and then the long time limit, t → ∞ ("t − N limit"). Now one may wonder whether this remains true given that single-site γ violates the conservation of total angular momentum of the spins.
Here we present a brief argument, which shows that mean-field non-equilibrium steady states solve Eqs.
(1-4) exactly in the t − N limit. To see that, we first integrate out the photons. This can be done exactly retaining photon losses and other pump and loss terms for the photons as long as they are quadratic in the photon fields [21] . This yields a ferromagnetic all-to-all coupling
x m mediated by photon exchange. We may set U = 0 in Eq. (1). We now go the thermodynamic limit N → ∞ and write the Hamiltonian in momentum-space. Momenta k are now continuous variables and integrated over k the appropriate Brillouin zones
The remaining Lindblad operator for γ reads in momentum space
where in the second line we have split off the decay for the zero-momentum component from the finite momentum components. Next observe that the Hamiltonian dynamics Eq. (9) operates strictly within only the zero-momentum sub-space of the spins (in position space this is the homogeneous component). So does the first Lindbladian term in the second line of Eq. (10) . Therefore the zero-momentum component experiences a non-trivial competition of Hamiltonian and dissipative dynamics. The finite-k components do nothing but decay. In particular, there is nothing in the Hamiltonian or Lindbladian that can change the momentum of a given state. Therefore, in the long-time limit t → ∞, it is legal to focus on the zero-momentum component, that is, the mean-field non-equilibrium steady states are actually the exact solution.
D. Experimental context in cavity QED
To realize Eq. (1) in an optical cavity system, it is advantageous to suppress the motion of the atoms sufficiently such that the internal spin state dynamics dominates. To that end, an additional including mutually incommensurate periods [22] , can now be turned into experimental reality.
Moreover, some form of Raman-transition assisted pumping scheme is required to reach the strong-coupling regime for the effective spin-photon coupling g needed to achieve the Dicke transition [10, 11] . There, the atomic levels to realize an effective spin system can be the hyperfinestructure manifold of the ground states of 87 Rb. Typically this is the 5 2 S 1/2 state split into the F = 1 and the F = 2 manifold such that |g = |↓ = |F = 1, m F = −1 and |e = |↑ = |F = 2, m F = −2 are possible choices. Where e labels the effective excited state and g labels the effective groundstate. The hyperfine structure splitting in the ground state manifold is ω 1 = 2π × 6.835 GHz. The cavity-assisted Raman transitions are achieved by coupling to the first excited state manifold that is split into a fine-structure 5 2 P 1/2 with F = 2 and F = 1 that for this choice is on the order of 812
MHz. The external driving lasers are separated by approximately twice the ground-state hyperfine splitting such that the longitudinal field for the spins ∆ ∼ MHz. Moreover, the choice of laser frequencies in the experiment by Baden et al. [11] leads to the
and we will come back to this experiment below in Subsec. III B.
E. Heisenberg-Langevin equations
As we argued above, we may proceed by projecting the Master equation onto the homogeneous component. All sites will behave the same so we do not keep track of all the spatial indices but write the equations for a single representative site. The photon mode couples to all atoms with the same coupling constant g. The Heisenberg equation of motion for an arbitrary system operator A where A can be any operator from the set (σ
, is calculated according to
where the Hamiltonian is given by Eq. (1) and (κ, γ) refer to the cavity damping and the rate of spontaneous emission, respectively. For the atomic degrees of freedom we use the notation
Here (e, g) refers to the excited and ground state of a two-level atom, respectively and a labels the annihilation operator for a cavity photon. The HeisenbergLangevin equations for these variables are:
Here, (a in (t), F z (t), F + (t)) are the usual fluctuating quantum mechanical noise operators with zero mean. They result from integrating out the bath of electromagnetic modes outside the cavity in the Born-Markov approximations, see App. C.
If we take the bath to be in the vacuum state at zero-temperature, the noise-correlations for the atomic degrees of freedom are
where the index i ∈ (+, −, z) refers to the atomic variables and the expectation values of the atomic observables refer to the steady-states defined in Eqs. (26) (27) (28) (29) . Similarly for the noise-operators coupling to the photons
In the remainder of the paper, we provide an analysis of these equations and try to connect our theoretical results to the recent experiment [11] .
III. RESULTS
In this section, we first compute an analytic formula for the critical coupling for the onset of Dicke superradiance in the presence of atomic spontaneous emission. We then use this formula to determine an effective atomic loss rate for the experiment in Ref. [11] . As we argued earlier the formula is in fact the exact solution of the problem, even when the atomic loss is uncorrelated between individual sites. We close by searching for signatures of the additional loss channel γ in the cavity output spectrum and by computing the effective temperature of the system.
A. Critical coupling for onset of superradiance g c (κ, γ)
We first transform Eqs. (12) (13) (14) into frequency space by the following relation:
where the operator O(t) is either of a(t), σ
We then specifically make a distinction between the semi-classical steady states and the amplitude fluctuations around these values by linearising Eqs. (12) (13) (14) . We define the fluctuation operators in frequency space by the relation
Where the set of steady-states σ + and σ z and a is given by equation Eqs. 
where the fluctuation (noise) operators are collected in the vectors δσ(ν) (F (ν)):
The inverse response function (retarded Green's function) G −1
The notation indicates that the responses of the system δσ(ν) to the "driving force" F (ν) is indeed described by the function G R (ν). The steady state contribution is encoded in f (σ). We approach the phase transition from the normal phase, for which a = σ + = 0 and assume the atoms to be fully polarized σ z = −1. Evaluating the condition for superradiance, lim
This formula recovers the known expression [10] in the limit (U, γ) → 0 and the critical coupling known from [23] in the limit γ → 0. It can be seen that the spontaneous emission γ "shifts" the atomic energy scale ∆ and the photon loss rate κ shifts the cavity frequency ω 0 . As expected, the addition of spontaneous atomic emission leads to an increased value for the critical coupling g c . In the Baden et al. experiment, the Dicke model was realized using cavity-assisted Raman transitions [11] . A sudden increase in the number of detected cavity photons upon ramping up the drive strength of an external laser has been associated with the threshold for Dicke superradiance.
Some elements of the experiment we have already mentioned above in Subsec. II D.
Baden et al. [11] compared the experimentally observed threshold couplings to the conventional theory value without spontaneous emission [10, 23] and found a discrepancy: higher pump strengths than predicted were necessary to observe an increase in photon numbers.
In Fig. 2 , we show that the experimental data for the critical coupling can be determined with our formula Eq. (25) and also places a range on the estimated values for the effective atomic decay rate γ eff . One possible way to estimate the inherited decay rate of the spin-up state from We give an estimate for a lower (dotted) and upper (dashed) effective decay rate γ eff of the atomic dipole and compare it to the theory curve for γ eff = 0 (solid). γ eff should be regarded as an effective spin decay rate after eliminating the far-detuned excited state, possibly other decay channels, and other experimental Ω r ∆ r 2 ∝ P, which is proportional to the population in the excited state. Here, P is the pump-power of the driving laser and γ exc = 2π × 3
MHz is the fundamental atomic decay rate of the excited state level coupling to the cavity and Ω r and ∆ r are the Rabi frequency and the detuning of the driving laser, respectively, that couples to the excited state. But other experimental imperfections need to be accounted for to make this quantitative. Such non-linear effects might also be at the root of the upturn in the experimental data for the critical coupling strength at larger values of ∆ in Fig. 2 . An additional interesting regime to pin down the effects of γ is the critical region for small longitudinal spin detuning ∆.
From the critical coupling Eq. (25), we observe that g c (γ, κ) becomes large for small ∆ provided γ is finite. By contrast in the strict γ → 0 limit g c (γ = 0, κ) decreases for small ∆. New rounds of data-taking can access this and other regimes with improved accuracy [24] .
C. Non-equilibrium steady states for spins and photons
In this section, we discuss the steady-state operator expectation values a , σ + , σ z , where a is the complex field amplitude that accounts for a coherent photon condensate, σ + is the complex atomic polarization amplitude and σ z measures the atomic population imbalance. The dynamics of the expectation values is given by Eqs. (12) (13) (14) , where all operators are replaced by their average value (
In the semi-classical picture for a spin-1/2 system we construct the expectation value of the spin-vector An analytical solution for the semiclassical steady-states (∂ t σ α (t) ) = 0 and ∂ t a(t) = 0 is accessible for the U = 0 case. We solve the system of non-linear equations for the fixed points to obtain the steady-states. For g < g c the only steady-state is a = σ + = 0 and
This is the empty atom-cavity system as the spontaneous atomic decay and photon loss depletes the system of all excitations. The mean-field expectation values for the fields in the superradiant phase g > g c are:
Here the different signs for the steady-state solutions reflect the Z 2 symmetry which is spontaneously broken by the choice of a specific state, see Eq. (5), and we have abbreviated the notation by defining
A plot of Eqs. (26-29) is given in Fig. 3 . The critical coupling strength g c for the superradiant phase transition (see Eq. (25) in the U → 0 limit) can also be obtained by equating Eqs. (30) and (31). For ∆ < 0 there is no real-valued solution for the magnetizations ( σ x , σ y ) which means that this regime excludes a stable photon condensate.
Note that the solutions for the mean-field expectation values do not recover the solutions that are obtained by taking the γ → 0 limit from the outset in Eqs. (12) (13) (14) . This is because the present steady-state is usually approached with a rate ∝ 1/γ which diverges in the γ → 0 limit.
D. Cavity output spectrum
The internal dynamics of the atom-cavity system can be probed by analyzing the light that leaks from the cavity mirrors. We employ standard input-output theory for the quantum Langevin equations [10, 25, 26] to calculate the cavity spectrum. The input-fields are related to the output fields by the relation
The annihilation operators (a out (ν), a in (ν), a(ν)) correspond to the output field, the input field, and the intra cavity field, respectively. For a vacuum field input, the correlations of the noise operators (see Eqs. (15-16) )in frequency space are
We solve Eq. (21) for the fluctuations around the photon condensate and omit the coherent contribution coming from the zero-frequency components specified by f (σ). Making use of Eqs. (32-34), the cavity fluorescence spectrum S (ν) (for a vacuum input field) accounting for the fluctuations around the steady state is
By employing Eqs. (15-16) the cavity spectrum in the g < g c case for the steady-states Figure 4 . Cavity spectra in the vacuum phase with spontaneous emission and a broken frequency symmetry S (ν) S (−ν). We have normalized the spectra such that S (ν)dν = 1. When there is no atomic spontaneous emission ( S (ν)| γ=0 ), the frequency symmetry of the cavity spectrum is restored. Parameters: figure (a) shows the on-resonance spectrum:ω 0 = 1.0|∆|, the figure (b) shows the off-resonance spectrum at ω 0 = 1.4|∆| . R (ν) is defined in Eq. (24) . Close to the superradiance transition, two poles become purely imaginary and characterize the overdamped dynamics at the phase transition, see e.g. [21] . At the transition a single critical mode approaches the origin linearly in (g − g c ). The corresponding equations for γ 0 can be found in the appendix,
Eqs. (A9-A12).
The output spectrum in the presence of spontaneous atomic decay is no longer symmetric under inversion on the frequency axis S (ν) S (−ν), see Fig. 4 . This is due to the fact that in the presence of atomic decay, cavity photons can exit the cavity in two different ways. Either directly via the cavity decay channel ∼ κ or indirectly via exciting an atom and subsequently decaying via spontaneous emission ∼ γ. The latter process of combined excitation and decay prefers photon states with positive frequency. This leads to a reduction of S (ν) for positive frequencies and introduces the mentioned asymmetry in the photon output spectrum. In the limit of vanishing spontaneous emission, the cavity spectrum collapses to the familiar result [10] and the frequency symmetry is restored:
A typical cavity output spectrum for the superradiant case g > g c is defined in Eq. (A6) and can be seen in Fig. 5 . Here γ > 0 leads to a broadening of the spectrum and a pronounced weight of S (ν) at positive frequencies ν > 0 due to the dominant effect of stimulated emission and absorption over spontaneous decay effects. In Fig. 5 and Fig. 4 the expression S (ν)| γ=0 refers to the cavity spectrum that is obtained by setting γ = 0 in Eqs. (12)- (14) and by then following the same procedure as outlined above, see [10] . Here, we generalize this analysis to include atomic spontaneous emission γ and extract the corresponding effective temperature. To that end, we define the real part of the photon component δx(ν) and the corresponding noise operator F x (ν):
Here, F a ≡ √ 2κa in and the fluctuation operators δa(ν), δa † (−ν) are defined in terms of noise operators in Eqs. (A1), (A2). We evaluate them at the critical point, which is approached from the normal phase ( a = σ + = 0, σ z = −1). The complex functions r(ν) and p(ν) are defined as
In the δx-channel, the response of the fluctuations to the "driving force" F x (ν) is
At low frequencies, equation Eq. (47) resembles a Langevin equation for a classical particle subject to a harmonic potential with oscillation frequency
and an effective damping constantκ
This illustrates the fact that the photon can decay via two channels: directly via κ and by first converting it to an atomic excitation, which can then decay via γ.
We may now identify the effective temperature of the system at the critical point as
In the presence of only a single decay channel, we recover the known cases [21] 
For certain parameter regimes (ω 0 , ∆, k, γ)>0 the effective temperature in the presence of spontaneous decay γ > 0 can be smaller than in the absence of atomic decay γ = 0, i.e. T , i.e. for system parameters for which spontaneous atomic decay is energetically favorable over cavity photon loss.
IV. CONCLUSIONS
In this paper we investigated the effect of atomic spontaneous emission on the non-equilibrium steady-states of the open Dicke model. We argued that a site decoupling mean-field ansatz gives access to the exact solution of the problem in the thermodynamic limit. By determining the critical coupling g c (κ, γ) for the onset of superradiance as an explicit function of the spontaneous emission rate γ, we were able to compare this result to experimental values for the onset of superradiance as measured by Baden et al. [11] . Thereby we estimated an upper and lower bound for an effective spontaneous emission rate that might explain the experimentally observed discrepancy between previous analytical calculations and experimental measurements. Moreover, we have quantified the sideband asymmetry in the cavity-output spectrum due to atomic spontaneous emission.
An interesting future direction is the inclusion of additional short-range interactions between the atoms, for example by weakly dressing the spin-up level with a Rydberg state [27] . This interaction will now compete with cavity-mediated, long-range interactions and the various drive and decay processes. Moreover, changing the lattice geometry and using space-dependent pump fields could enable synthesis of exotic, open quantum magnets whose properties are shaped by quantum fluctuations of the light field. 
outlined for instance in Ref [28] . For this we apply the standard Heisenberg-Langevin theory where the interaction of the system with the external bath is specified in terms of a Hamiltonian that couples the bath modes linearly to the system operators. The bath outside the cavity is the continuum of radiation modes. We consider two baths that we take to be statistically independent from each other. The first bath couples to the photonic degrees of freedom and the second bath couples to the atomic degrees of freedom. The spontaneous loss processes in the atomic sector and photon dissipation through the cavity mirrors is then governed by the Hamiltonians H = H Atom−Bath + H Cavity−Bath + H Baths (C1)
where we have used γδ(t−t ) = k |g k | 2 e ±iν k (t−t ) = 2πD(0)|g(0)| 2 and 2κδ(t−t ) = k |g k | 2 e ±iν k (t−t ) = 2πD (0)|g(0)| 2 and have identified the noise-operators (F a , F + , F z ). The markovian noise levels are proportional to the bath density of states at zero-frequency, where the density of states for sufficiently dense bath modes is given as D(ν) = k δ(ν − ν k ). Taking the bath to be at zerotemperature in the vacuum state, the bath correlation functions are given by Eq. (15) . For the photonic noise operators we find F a (t)F a † (t) = 2κδ(t − t ) as the only non-vanishing correlator at the zero-temperature bath, see also Eq. 16 where we have redefined the noise-operator according to F a (t) = √ 2κa in (t).
